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Abstract
We show that the minimum number of distinct edge-directions of a convex polytope with n
vertices in Rd is yðdn1=ðd1ÞÞ:
r 2004 Published by Elsevier Inc.
Keywords: Polytope; Zonotope; Convex polytope; Edge; Edge direction; Combinatorial optimization
1. Introduction
Let P be a convex polytope with n vertices in Rd : As usual, the edges of P are its 1-
dimensional faces. An edge-direction of P is the class of all lines parallel to some edge
of P: Edge-directions play a central role in the algorithmic solution and the
complexity analysis of the convex combinatorial optimization problem, see [2] and
references therein for details.
In this note, we are interested in the minimum number of distinct edge-directions
of polytopes with n vertices in Rd : For example, if d ¼ 2; then P is a convex polygon
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and clearly the minimum number of directions of the edges of P is Jn
2
n: Indeed, this
lower bound is obtained in a regular n-gon when n is even, and in a regular ðn  1Þ-
gon with one corner chopped off when n is odd.
For higher dimensions we prove the following theorem.
Theorem 1.1. The number m of distinct edge-directions of any d-dimensional convex
polytope with n vertices satisfies mXd1
2e
n1=ðd1Þ:
The lower bound in Theorem 1.1 is asymptotically tight and attained up to a
multiplicative constant factor, e.g. by the ðd; 2; mÞ-momentope (see [1])
M2dðmÞD
Xm
j¼1
½1; 1ð1; j; j2;y; jd1Þ
which is the zonotope generated by m points on the moment curve in Rd and has
n :¼ 2Pd1k¼0ðm1k Þ vertices; and, as pointed out by one of the referees, also by any
cubical d-zonotope with m zones.
We note, however, that if P is not a convex polytope, then the minimum number of
distinct directions of the edges of P may be bounded by a constant independent of n:
This can clearly be seen, for example, by taking P to be any union of axes-parallel
cubes in Rd :
Moreover, if we do not restrict attention to the edges of P; but seek the minimum
number of distinct directions among all segments connecting pairs of vertices of P;
then the lower bound is always linear in n and in higher dimensions is conjectured to
be roughly ðd  1Þn: In dimension 3, it follows from [3] that the minimum number of
these directions is at least 2n  3: When d ¼ 2; it is easy to see (and follows also from
a more general theorem by Ungar [4]) that the minimum number of distinct
directions determined by the vertices of a convex n-gon is at least n:
As a nice corollary of Theorem 1.1, we obtain the following result, about the
minimum number of distinct directions of the edges of a convex polytope with n
vertices, regardless of its dimension.
Corollary 1.2. The number of distinct edge-directions of any convex polytope with n
vertices is 1
2
loge n:
Proof. Let m denote the number of directions of the edges of P: By Theorem 1.1,
mXd1
2e
n1=ðd1Þ: Minimizing the right-hand side when d is the variable gives d  1 ¼
loge n: Therefore, mX
1
2
loge n: &
Note that the d-dimensional cube, which has n :¼ 2d vertices and d edge-
directions, demonstrates that the number of distinct edge-directions of a convex
polytope on n vertices can be as small as log2 n ¼ log2 e loge n: Therefore, Theorem
1.2 is asymptotically tight as well.
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2. Proof of Theorem 1.1
In the proofs below it is convenient to consider oriented edge-directions rather than
just edge-directions. An oriented edge-direction that corresponds to the pair ðe; vÞ
where e is an edge of a polytope with a vertex v on it, is the class of oriented lines l
parallel to the edge e where the positive direction of l is indicated by the ray whose
apex is v and includes e: Thus, every edge-direction gives rise to two oriented edge-
directions.
Proof of Theorem 1.1. To each vertex v of P we assign a sequence of d  1 oriented
edge-directions ðtv1;y; tvd1Þ in the following way. Recall that the face lattice of a
convex polytope is atomic (see e.g. [5, Chapter 2]) and hence it is possible to choose
edges ev1;y; e
v
d1 emanating from v such that e
v
13?3evj is a j-dimensional face of P
for j ¼ 1;y; d  1: Let tvj be the oriented edge-direction that corresponds to ðevj ; vÞ;
for j ¼ 1;y; d  1:
Claim 2.1. Let x; y be two distinct vertices of P: If ex13?3exd1 is the same d  1
dimensional facet as e
y
13?3e
y
d1; then the sequences ðtx1 ;y; txd1Þ and ðt y1 ;y; t yd1Þ
are different.
Proof. By induction on the dimension d of P: Clearly, the claim is true if d ¼ 1 (for
then P is a segment). Let F ¼ ex13?3exd1 ¼ e y13?3e yd1; a facet of P: Let Fx ¼
ex13?3exd2 and Fy ¼ e y13?3e yd2: If Fx ¼ Fy; then we conclude by the induction
hypothesis for the ðd  1Þ-dimensional polytope F and the sequences ðtx1 ;y; txd2Þ
and ðt y1 ;y; t yd2Þ:
If FxaFy; then either Fx and Fy are not parallel and hence the sequences are
obviously different, or Fx and Fy are two distinct parallel facets of P and hence t
x
d1
and t
y
d1 cannot be equal (as their projections on the direction orthogonal to Fx have
opposite orientations). &
Claim 2.2. No three vertices of P are assigned the same ðd  1Þ-sequence of oriented
edge-directions.
Proof. Assume to the contrary that x; y; z are three vertices that are assigned the
same ðd  1Þ-sequence of oriented edge-directions. For u ¼ x; y; z let Fu ¼
eu13?3eud1: By Claim 2.1, Fx; Fy; and Fz are three distinct facets of P: Since
x; y; z are assigned the same sequences of edge-directions, it follows that Fx; Fy; and
Fz are also parallel, giving a contradiction. &
For each vertex v of P we now create all possible ðd  1Þ-sequences of oriented
edge-directions as described above. Observe that for every vertex v there are at least
d! different such sequences. Indeed, given a vertex v; every k-face of P having v as a
vertex, has at least k ðk  1Þ-faces that also have v as a vertex. Therefore, there are at
ARTICLE IN PRESS
Note / Journal of Combinatorial Theory, Series A 107 (2004) 147–151 149
least d! decreasing chains of faces of P that contain v: For every such chain
Fd1; Fd2;y; F0; there is at least one sequence of oriented edge-directions
td1; td2;y; t1 that corresponds to it, for example, simply take tdi be the oriented
edge-direction that corresponds to the pair ðedi; vÞ; where edi is an edge (adjacent
to v) which is in Fdi but not in Fdi1: Since the sequence td1;y; t1 determines the
chain Fd1;y; F0; we obtain at least d! ðd  1Þ-sequences of oriented edge-directions
for each v:
Let m denote the number of distinct edge-directions of edges of P: The maximum
number of ðd  1Þ-sequences of oriented edge directions that can be formed from
these m edge-directions is 2d1ð m
d1Þðd  1Þ!: By Claim 2.2 and our observation
above, this number should be greater than or equal to d!n=2: We thus obtain
m
d  1
 
X
d
2d
n:
Observe that ð m
d1Þpð med1Þd1 which implies that
mX
d  1
2e
n1=ðd1Þ:
This proves the theorem. &
Remark. In the proof of Theorem 1.1, it is necessary to consider sequences of
directed edges emanating from a vertex in a way that was suggested in the proof,
rather than just a set of say (even) d independent such directions. If we choose the
latter strategy, then Claim 2.1 is not valid anymore. The same set of d edge-
directions may occur at distinct vertices of a d-polytope (non-simple though). This
may happen only for dX4: We bring here such an example of a 4-polytope with 10
vertices, suggested by one of the referees:
v0 ¼ ð0; 0; 1; 0Þ;
v1 ¼ ð1; 0; 0; 0Þ;
v2 ¼ ð1; 0; 0; 0Þ;
v3 ¼ ð0;1; 0; 0Þ;
v4 ¼ ð0; 1; 0; 1Þ;
v5 ¼ ð0; 0; 1; 2Þ;
v6 ¼ ð1; 0; 0; 2Þ;
v7 ¼ ð1; 0; 0; 2Þ;
v8 ¼ ð0;1; 0; 2Þ;
v9 ¼ ð0; 1; 0; 3Þ:
Here, the edges from v0 to v1; v2; v3; v4 have the same directions as the edges from
v5 to v6; v7; v8; v9:
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